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Abstract 

A turbofan simulation has been developed for use in aero-propulso-servo-elastic coupling studies, on 

supersonic vehicles. A one-dimensional lumped volume approach is used whereby each component (fan, 

high-pressure compressor, combustor, etc.) is represented as a single volume using characteristic 

performance maps and conservation equations for continuity, momentum and energy. The simulation is 

developed in the MATLAB/SIMULINK (The MathWorks, Inc.) environment in order to facilitate 

controls development, and ease of integration with a future aero-servo-elastic vehicle model being 

developed at NASA Langley. The complete simulation demonstrated steady state results that closely 

match a proposed engine suitable for a supersonic business jet at the cruise condition. Preliminary 

investigation of the transient simulation revealed expected trends for fuel flow disturbances as well as 

upstream pressure disturbances. A framework for system identification enables development of linear 

models for controller design. Utilizing this framework, a transfer function modeling an upstream pressure 

disturbance’s impacts on the engine speed is developed as an illustrative case of the system identification. 

This work will eventually enable an overall vehicle aero-propulso-servo-elastic model. 

Nomenclature 

A Cross sectional area, m
2 

APSE Aero-propulso-servo-elasticity 

Cxy Coherence 

HSR High speed research project 

HPC High-pressure compressor 

HPT High-pressure turbine 

I Moment of inertia, (N*m)/sec
2 

J Mechanical equivalent of heat, 1 (N*m)/J 

KA, KB Unit less combustion coefficient 

KC Combustion coefficient, (N
2
s

2
)/(kg

2
m

4
K) 

LPC Low-pressure compressor 

LPT  Low-pressure turbine 

M Mach number 

N Rotational speed, rpm 

P Pressure, N/m
2  

Pxx Power spectral density about x
 

Pxy Power spectral density about x and y 



NASA/TM—2010-216069 2

Pyy Power spectral density about y 

R Universal gas constant, (N*m)/(kg*K) 

T Temperature, K 

Txy Frequency data for transfer function 

Th Thrust, N 

U Volumetric flow, m
3
/s 

V Volume, m
3 

 Mass flow rate, kg/sec 

cp Specific heat at constant pressure, J/(kg*K) 

f Frequency, Hz 

l Length, m 

s Laplace variable 

u Velocity, m/s 

 Change in variable 

P Combustion pressure loss, Pa 

 Ratio of specific heats 

 Efficiency 

 Density, kg/m
3 

 Time delay 

flame Time delay flame 

Subscripts 

a Variable associated with combustion acoustics 

ab Variable associated with afterburner 

amb Ambient condition variable 

bleed Bleed from the high-pressure compressor 

bypass Variable associated with bypass flow 

c Corrected condition 

cb Variable associated with combustor/burner 

cool  Coolant flow variable 

d Design condition 

exit Variable associated with exit condition at nozzle 

f Fuel flow into combustor 

 Fuel flow rate after combustion dynamics 

hpc  Variable associated with high-pressure compressor 

hpt  Variable associated with high-pressure turbine 

inlet  Variable associated with the inlet exit condition  

lpc Variable associated with the fan/low-pressure compressor 

lpt Variable associated with the low pressure turbine 

n Current component volume 

ratio Ratio of variables 

ref Reference variable  

sv Static condition variable associated with stage volume 

tc Total condition variable associated with stage characteristics 

tv Total condition variable associated with stage volume 

z Variable associated with exit nozzle 
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Introduction 

The Aeronautics Research Mission Directorate of the National Aeronautics and Space Administration 

(NASA) is developing technologies, capabilities, and furthering the aerospace discipline to support all 

vehicles in the supersonic flight regime, where vehicles are typically longer and slender. For new designs 

of commercial supersonic vehicles the vehicle shape is expected to be much long, causing any 

disturbances in the airflow to induce highly complex aeroelastic modes in the vehicle airframe (Ref. 1). 

While the vehicle is experiencing these nonlinear dynamics, there is a coupling with the vehicle 

propulsion system. The airframe can introduce disturbances into flow path of the engine, and the thrust 

will impact loads on the airframe. To ensure success with this project it is critical to understand the Aero-

Propulso-Servo-Elastic (APSE) effects. Traditionally, flight control surfaces deal with all vehicle 

dynamics whereas the engine controls only pertain to the performance of the engine. However, because of 

the interactions between the airframe and propulsion system, coupling the control of the vehicle dynamics 

with the control of the propulsion system will ease environmental and performance barriers, such as 

cruise efficiency, stability, and ride quality (Refs. 2 and 3).  

To further the understanding of APSE, NASA Glenn and NASA Langley are building upon past 

legacies in propulsion and flight vehicle dynamics respectively. Initial efforts are underway to develop the 

appropriate models for propulsion and flexible airframe dynamics. These models can then be integrated 

into an overall APSE model. It will be imperative during the integration process that the dominant 

coupling dynamics between the propulsion system, airframe, and flow fields are understood. This will 

allow for synergistic control designs that alleviate issues of integrating previously segregated control 

loops. The focus of the NASA Glenn effort described in this paper is modeling the turbofan engine for the 

propulsion system.  

A component based control volume dynamic turbojet simulation has previously been developed and 

validated against both experimental and simulated results (Ref. 4). However, a turbofan engine is 

identified by the High Speed Research (HSR) program as the optimal propulsive system for supersonic 

flight (Ref. 5).  Some of the benefits of a turbofan engine compared to a turbojet engine include increased 

propulsive efficiency and decreased noise.  Using the turbojet simulation as a starting point, a turbofan 

simulation has been developed.  This turbofan simulation comprises a component of the propulsion 

dynamics making up the overall integrated performance model. 

The modeling effort is presently focused on the cruise condition. To determine the appropriate model 

for this task it is important to consider the ability to capture the relevant dynamics, ease of model 

integration into an overall APSE model, and suitability for the development of controls. While many 

previous models are capable of capturing dynamic behavior of a turbofan engine, few exist that allow for 

easy integration with preexisting MATLAB simulations (Refs. 6 to 8). Therefore, the platform chosen for 

development is MATLAB/SIMULINK, because it fulfills all of the requirements listed above. Its 

compatibility with previous aero-servo-elastic models developed at NASA Langley and its built-in tools 

will allow for easier controls development. This paper provides a broad overview of supersonic 

propulsion system modeling followed by a detailed discussion on engine modeling development, 

simulation performance results, a system identification approach leading to controls development, and 

how the engine model fits into the larger APSE model. 

Engine Modeling 

The overall propulsion system for the vehicle is comprised of a supersonic mixed compression inlet 

and engine. The engine is connected just downstream of the inlet flow path. Previous research from the 

HSR program looked into several engine designs and found that low bypass turbofan engines are 

desirable (Ref. 5). However, due to a lack of detailed non-proprietary information for turbofan engines the 

modeling effort done previously under the APSE task was for a turbojet engine, the GE J-85 (Ref. 4). The 

J-85 has undergone extensive testing at NASA Glenn, and has been used in supersonic vehicles. Having 

access to data that includes many of the required performance parameters allowed for easier model 
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development and verification. The work presented here is an extension of the previous work. The engine 

modeled represents a notional, medium size bypass turbofan engine that would be suitable for a business 

class supersonic jet.  

A generic turbofan engine schematic is illustrated in Figure 1. This particular design would be too 

small for the larger commercial passenger jet that is being investigated for the NASA supersonics project. 

However, this engine is useful for developing the appropriate modeling capability for when the project 

begins to narrow its focus to a particular engine design.  

In many scenarios a low fidelity engine model that captures only the slow dynamics due to typical 

flow disturbances and the fuel control/actuation system is adequate. These dynamics lend themselves to a 

smaller control bandwidth and thus allow for the low fidelity models to be adequate for control design 

(Refs. 10 and 11). As such, the engine dynamics are driven primarily by the shaft moments of inertia. 

However in future supersonic vehicles, higher frequency (approximately 50 Hz) upstream flow 

disturbances induced by the vibrations in the vehicle are expected. Also new engines are expected to 

operate closer to the limits of their capability, (e.g., with reduced surge margins). More accurate models 

are expected to be required. For these reasons a nonlinear one-dimensional lumped volume approach is 

used in the SIMULINK environment, as opposed to a model with dynamics only associated with the 

energy balance of the rotating shafts.  

While a particular turbofan engine design is discussed in this paper, the model is developed with the 

goal of easy adjustments allowing for simulating any particular turbofan engine. The modeling effort is 

based on previous work done by Seldner utilizing an analog computer (Ref. 12). The SIMULINK model 

developed for this study uses data provided for steady state flow parameters from a paper-designed engine 

output from the Numerical Propulsion System Simulation code developed in house at NASA Glenn for 

the purposes of steady state verification (Ref. 13).  Since many design decisions are still to be determined 

in this project, the primary focus is on developing a feasible approach to solve the desired problem and on 

capturing the expected trends in the model. Later, when project decisions are made for a particular engine, 

more focus can be placed on the steady state values and on ensuring that more than just the expected 

transient trends are modeled to the appropriate fidelity.  

Currently the model uses a single lumped volume for each of the major components consisting of the 

low-pressure compressor (LPC) or commonly referred to as the fan, the high-pressure compressor (HPC), 

the combustor, the high-pressure turbine (HPT), the low-pressure turbine (LPT), the mixer/afterburner, 

the low-pressure shaft, the high-pressure shaft, and the nozzle. This currently meets the required dynamic 

bandwidth. However, if added resolution is deemed necessary the model is structured in such a way that it 

could be used as a stepping-stone to stage-by-stage lumped volume of the compressor and turbine 

components. A schematic of a generic turbofan engine model can be seen in Figure 2, comprised of the 

major components discussed above. Given this approach, the required thrust variation needed to couple 

the propulsion system to the aero-servo-elastic model is obtained. Investigation of the atmospheric and 

the induced aero-servo-elastic disturbances that feedback into the propulsion system model are still in 

progress. Ultimately, these will be used to determine realistic disturbance attenuation methods when a 

fully integrated APSE model is developed. Generic disturbances in the output of the inlet into the flow 

field of the engine face in terms of pressure are simulated as well as fuel flow disturbances. The use of 

measured flow field disturbances is planned for future studies.  

 

 

 

 
Figure 1.—Generic turbofan engine model resembling current design (Ref. 9). 
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Figure 2.—Turbofan engine schematic (Ref. 9). 

Overall Engine Modeling Approach 

The modeling approach is derived from work by Seldner and refined in Kopasakis and Stuber for a 

turbojet engine (Refs. 4, 12, and 14). The equations are given here for completeness and clarity when 

ultimately integrating into the overall propulsion model. In addition, the equations here are defined for a 

turbofan with each component being a lumped volume instead of the stage-by-stage development of the 

equations, as used in previously mentioned work. Each of the fluid flow components are modeled using a 

set of derived conservation equations modified from the standard form and written in total condition 

form, where Equations (1) to (3) are the continuity, momentum, and energy equations respectively.  

 
d

dt sv( ) =
1

v
˙ W 

 
(1) 

 
d

dt
˙ W ( ) =

A

l
Ptv

 
(2) 

 
d

dt svTtv( ) =
V

Ttv
˙ W ( )

 (3)
 

The total flow property conditions are used for Equations (1) to (3) to allow for easier use with the 

required performance maps of each component. A performance map allows for the general modeling 

approach to simulate engines of a particular design, by providing the appropriate pressure ratios and 

efficiencies. In order to obtain the maps used in this study, a generic map is created using an internal map 

generation routine, which closely approximates the operating condition of the turbofan engine. This is a 

source of some disagreement in the dynamic model and steady state data, as the actual map of the engine 

is not used. This will have a greater impact for dynamic results as the shape of the speed lines will vary, 

but if the operating condition is not matched exactly errors in steady state can be encountered as well. To 

avoid the errors and ensure stability each component of the turbofan engine is first modeled individually. 

Once the individual component models are able to match the expected performance the entire turbofan 

engine is integrated, allowing for simple resolution of errors that could otherwise be compounded. 

Low Pressure Compressor 

The low-pressure compressor provides a large mass flow rate at the exit to increase the thrust, while 

keeping the noise generated relatively lower than comparable turbojet engines. The three state variables 

chosen for the model of each component are the total pressure, total temperature, and mass flow rate. 
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Figure 3.—Low-pressure compressor modeling schematic. 

 

Since this is a subsonic system, information from two of the states must travel downstream, while the 

other travels upstream. Here the mass flow rate travels upstream and the temperature and pressure travel 

downstream.  A general schematic of the overall modeling approach for the low-pressure compressor can 

be seen in Figure 3. This schematic is analogous to the other major components, with the exception of 

various performance maps, which may or may not be required to meet characteristic flow parameters. The 

variables are left generic and the subscript ‘n’ is associated with the current volume. 

The incoming flow conditions to the LPC are from the supersonic mixed compression inlet. These 

conditions are used with performance maps to generate characteristic values for this particular engine 

design. The LPC performance map is actually two table lookups in the model to obtain a given pressure 

ratio and efficiency, which are then used to get the characteristic pressure and temperature. The table 

lookups are based on the corrected mass flow and corrected engine speed line defined respectively in 

Equations (4) to (5) as 

 ˙ W c =

˙ W Ttv
Tref

Ptv
Pref  

(4) 

 Nc =
N

Nd

Tref
Ttv  

(5) 

 

The characteristic performance properties of the compressor are obtained through the performance 

map and the following two expressions (Eqs. (6) to (7)) 

 Plpc,tc = Plpc,ratioPinlet,tv  (6) 
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 Ttc = Tinlet,tv 1+
P

lpc 1

lpc lpc,ratio 1

lpc

 

 

 
 
 
 
 

 

 

 
 
 
 
  

(7) 

Once the characteristic properties of the temperature and pressure are obtained from the map, they are 

used in the conservation equations for the low-pressure compressor, (Eqs. (8) to (13)) 

 
d

dt lpc,sv =
1

Vlpc

˙ W lpc
˙ W hpc Wbypass( ) (8) 

 
d

dt
˙ W lpc =

Alpc

llpc
Plpc,tc Plpc,tv( ) 1+

lpc 1

2
M 2

 
 
 

 
 
 

lpc

lpc 1
 (9) 

 

d

dt
Tlpc,sv lpc,sv( ) = lpc

Vlpc
Tlpc,tc

˙ W lpc Tlpc,tv
˙ W hpc Tlpc,tv

˙ W bypass( )  (10) 

To interconnect the equations as illustrated in Figure 3, the following state equation is used, 

Equation (11): 

 Ptv = sv RTtv 1+
1

2
M 2 

 
 

 

 
 

1

1
  (11) 

In Equation (11), the expressions use Mach number to correct for the static to total conditions. This 

will not have much impact on steady state results, but the error associated with the Mach number 

correction term can be up to 15 percent for the dynamic results depending on flow speed (Ref. 12). The 

Mach number is calculated using the simple expression in Equation (12) 

 M =
˙ W 

sv A RTsv

 (12) 

Where the static temperature is obtained by: 

 Tsv = Ttv

˙ W 2

2 2 A2c p

 (13) 

High Pressure Compressor 

The high-pressure compressor is modeled using a single lumped volume and a characteristic 

performance map that is essentially the same method as the low-pressure compressor. One difference is 

that the low-pressure compressor has a bypass separating the inlet flow into one that travels down the core 

of the engine and one that moves around the engine. In addition the high-pressure compressor has a bleed 

that is used to provide cooling air to the high and low-pressure turbine and other systems outside of the 

engine. The equation for the bleed is shown in Equation (14)  
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 ˙ W bleed = KbleedAbleed
Phpc,tv

Thpc,tv

 (14) 

Combustor 

Little information was readily available about the actual combustion performance parameters of the 

combustor. Without too much loss of accuracy a dynamic modeling approach for a lean combustor is  

used here, which will be more representative of the future combustors to be used for supersonic flight 

(Ref. 15). The model of the combustor has the usual lumped volume of the flow dynamics and in 

addition, a simple representation of combustion dynamics are modeled. The key to the modeling approach 

is to obtain the correct pressure drop across the combustor that is caused by the fluid friction and heat 

addition. The overall approach can be seen in Figure 4. 

The modeling approach for the simple representation of the combustion dynamics uses a transfer 

function to model the delay that is caused by the actual combustion of the fuel flowing into the 

combustor. The total delay of the combustion process is a sum of the transport and mixing, the flame 

dynamics, and the acoustic delays as shown in Equation (15): 

 cb = t + flame + a
Vcb
Ucb

  (15) 

For the lean combustor, the total delay is typically approximately 5 msec, where the vast majority of 

the delay comes from the mixing process(Ref. 15). The actual delays of the individual components that 

make up the total combustion delay can at times be hard to obtain, and thus a close approximation of the 

delay can be obtained by dividing the volume with the volumetric flow as seen in Equation (15). The 

transfer function for the combustion dynamics can then be represented by Equation (16): 

 

˙ W ̇  f 
˙ W f
=

e ts

flames+1( ) as+1( )
 (16) 

Two maps are used to obtain values required for the conservation equations to appropriately account 

for heat addition and efficiency. The efficiency here is defined as the amount of heat used to increase the 

overall temperature in the combustor in relation to the total amount of heat generated from the 

combustion process and is illustrated in Figure 5 (Ref.12).  

 

 

 

 
Figure 4.—Combustor lumped volume model schematic. 
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Figure 5.—Combustor efficiency performance map. 

 

 
Figure 6.—Specific heat at constant pressure versus temperature. 

 

 

During the combustion process, fuel is being mixed with the incoming airflow, which alters the 

chemical makeup of the flow. This, in addition to the significant amount of heat addition, can have a large 

impact on the assumed specific heat of the flow. The variation of the specific heat at constant pressure can 

be obtained from the NACA Report 1135, which is plotted in Figure 6 (Ref. 16). The specific heat at 

constant pressure data is then used as a look up table in the model. 

The next key factor that needs to be obtained for the combustor model is the loss of pressure. This can 

be defined as losses due to friction, KA = 0.771, and heat addition, KB = 0.085. The loss coefficients are 

obtained through experimental testing, non-combustion flow testing and combustion flow testing 

respectively. Given the experimentally obtained values, the pressure loss can be expressed by 

Equation (17): 

 

Pcb,tv =
KC

˙ W cb
2

Phpc,tv
0.771Thpc,tv 0.085Tcb,tv( )  (17) 

The value of KC is obtained using a range of steady state values and assuming a pressure loss between 

1 to 5 percent, to create a table lookup over the given range of values. The conservation equations can be 

solved using the above data for a specific combustor design, and are in the Appendix.  
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The enthalpy in Equation (34), shown in the appendix, is a constant for JP-4 fuel at 1000 K (Ref. 17). 

The equation of state is then used to tie the conservation equations together as is done in the compressor 

model. Here a correction factor using the Mach number is not used, in part, because the flow in the 

combustor is generally moving relatively slowly. The one change to the state equation is that the gas 

constant must change to take into account the change in the fluid properties due to the addition and 

reaction of fuel.  

High Pressure Turbine 

The turbine model is effectively the same as the compressor with the following exceptions: different 

performance maps are used and instead of compressing the fluid the turbine rapidly expands the fluid. 

Corrected speed and mass flow rate are again used in conjunction with a performance map to obtain the 

characteristic pressure and temperature of the turbine. The same modeling approach from Figure 3 is 

used.  

In developing the turbine model, the same basic form of the corrected compressor conditions can be 

used. The significant difference here is that the pressure ratio obtained from the performance map is the 

inverse of that obtained from the compressor. The inversion of the pressure ratio then results in the 

alteration of the expression for the characteristic pressure and temperature of the turbine in Equations (18) 

to (19). 

 Phpt,tc =
Pcb,tv
Phpt,ratio

 (18) 

 Thpt,tc = Tcb,tv 1 hpt 1 Phpt,ratio

hpt 1

hpt

 

 

 
 
 

 

 

 
 
 

 

 

 
 
 

 

 

 
 
 

 (19) 

The characteristic values are then used in the conservation equations for the high-pressure turbine 

found in the appendix. The Mach number correction is again used in the conservation equations since the 

speed of the flow is higher and can cause an even greater error in the dynamic response of the turbine than 

in the compressor. The equation of state is used to link the conservation equations together, with the 

modification that the gas constant must account for the fuel added to the flow during combustion and 

increased airflow from the compressor for cooling. 

Low Pressure Turbine 

The low-pressure turbine is modeled in exactly the same manner as the high-pressure turbine. The 

differences are that different performance maps are used and the coolant required to operate at a 

reasonable temperature is less than that of the HPT. The conservation equations are presented in the 

Appendix for completeness. 

Mixer/Afterburner 

The mixer and afterburner are modeled together, which is a slight deviation from the turbofan engine 

model that is to be matched in this work. The deviation is that the steady state data is obtained from a 

turbofan engine model that does not have an afterburner. However, an engine for the larger supersonic 

commercial vehicle may require an afterburner. To allow for more modeling flexibility the afterburner’s 

combustor is coded to allow for combustion. However, it is assumed to be a non-combusting design, i.e. 

no fuel added. This allows for the appropriate equations for an afterburner with the option of using it as a 

simple mixing cold pipe. The Concorde is an example of supersonic flight where an afterburner is used, 
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but only ignited during takeoff and powering though the transonic regime (Ref. 2). In the study here, the 

interest is in the cruise condition.  Thus a non-combusting afterburner meets the requirements. The 

mixer/afterburner essentially acts as a volume that is capable of attenuating disturbances and mixes the 

bypass flow with the core flow for exhaust through a common nozzle. The conservation equations are 

expressed in the Appendix. 

Exit Nozzle 

The nozzle of a turbofan expels both the core flow and the bypass flow into the atmosphere. The 

following series of equations can be used to obtain the exit mass flow rate, Equation (23), which is then 

simply multiplied by the exit velocity to obtain the gross thrust of the engine, Equation (24). The first step 

is to obtain an estimate of the Mach number, Equation (20). Then the static temperature can be obtained, 

Equation (21), which allows for the calculation of the local speed of sound, Equation (22). The nozzle 

efficiency is a ratio of the actual change in kinetic energy to the ideal change, and is assumed constant at 

z = 0.98 

 M 2
=

2

ab 1

z 1
Pamb
Pab

ab 1

ab

 

 

 
  

 

 

 
  

1 z 1
Pamb
Pab

ab 1

ab

 

 

 
  

 

 

 
  

 

 

 
 
 
 
 
 
 

 

 

 
 
 
 
 
 
 

 (20) 

 Tsv =
Ttv

1+ ab 1

2
M 2

 (21) 

 

a = abTsv R  (22) 

 
˙ W z = MaAexit  (23) 

 
Th = ˙ W uexit  (24)

 

Low and High Pressure Shafts 

For the engine to reach a steady state condition there needs to be an energy balance for each of the 

rotating spools. The low-pressure spool connects the low-pressure compressor that does work and low-

pressure turbine that extracts work. If there is an imbalance in the torque provided by each component the 

spool accelerates, governed by Equation (25). 

dNlp

dt
=

30 

 
 

 

 
 

2
J

NlpIlp

 

 
  

 

 
  hhpt

˙ W lpt + hhpc
˙ W lpt,cool hlpt

˙ W ab( ) hlpc
˙ W hpc + hlpc

˙ W bypass hinlet
˙ W lpc( )[ ]  (25) 

The high-pressure spool interconnects the high-pressure compressor and the high-pressure turbine, and is 

governed by Equation (26).  
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dNhp

dt
=

30 

 
 

 

 
 

2
J

NhpIhp

 

 
  

 

 
   hcb

˙ W hpt + hhpc
˙ W hpt,cool hhpt

˙ W lpt( ) hhpc
˙ W cb + hhpc

˙ W bleed hlpt
˙ W hpc( )[ ]   (26) 

Engine Simulation Results 

The results shown here highlight the ability of the turbofan engine model to meet steady state results 

and provide reasonable transient responses to disturbances of the incoming pressure, fuel flow, and their 

impacts on thrust for a supersonic propulsion system. The simulation is run for a flight cruise condition 

for the commercial supersonic vehicle at 60,000 ft and at a Mach number of 2.35. The engine model starts 

at the exit of the inlet where the pressure is 88211.52 Pa and the temperature is 454.87 K, using the 

described cruise condition. A SIMULINK built in integration scheme is used that implements a variable 

time step explicit Runge-Kutta method (Ref. 18). The first part of the presented results will cover 

matching of the dynamic model steady state performance to that of the static Numeric Propulsion System 

Simulation model. Then the response to fuel flow disturbances is investigated as this will be important in 

the future work of developing control algorithms. Finally, the response to incoming pressure disturbances, 

that are to simulate disturbances in the upstream flow field, are presented. 

Overall Engine Performance Steady State 

The steady state results are simulated for the cruise condition operating at 100 percent power. Table 1 

shows the summary of output from both models for the high-pressure components. The model currently 

does not have a throttle setting implemented, so the high-pressure shaft corrected speed is used in Table 1. 

On the left hand side of the table each model is listed: static for the one we are trying to match, and 

dynamic for the SIMULINK developed dynamic model. The last row provides a percent error between 

the two models. The values for each table are given in SI units of Pascal for pressure, Kelvin for 

temperature, and Kg/s for mass flow. The high-pressure components have a very good matching, with the 

largest error being in the compressor output temperature, 4.38 percent.  

 

 

 
TABLE 1.—STEADY STATE PERFORMANCE FOR HIGH-PRESSURE COMPONENTS 

High pressure compressor Combustor High pressure turbine Model Corr. 

speed 

% 
P T  P T  P T  

Static 100 1269021 999.2 39.4 1211705 1922 30.7 371613 1420 31.6 

Dynamic 99.9 1277813 1043 39.3 1220708 1969 30.6 370677 1462 31.5 

Error % 0.1 0.69 4.38 0.25 0.74 2.45 0.33 0.25 2.96 0.32 

 
 

 

Table 2 shows the summary of the output from both models for the low-pressure components, at the 

cruise condition, operating at 100 percent corrected speed for low-pressure shaft. The low-pressure 

components also match very well for the steady state results, where the largest error is in the LPT 

temperature. One common theme for both tables is that the greatest error seems to come from the 

temperature. The error for both tables is due in part to not exactly matching the operating point. The very 

slight error in the speed can causes errors due to incorrect maps being used. Another source of error is the 

use of a bleed calculation based on HPC flow parameters, Equation (14). The cooling air for the HPT and 

LPT is then a percentage of that bleed. When developing the individual component model, a static bleed 

was used, which provided good matching. However, the calculated bleed is used instead of a static bleed, 

because during transient events it was found that the simulation was more stable with a varying bleed.  
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TABLE 2.—STEADY STATE PERFORMANCE FOR LOW-PRESSURE COMPONENTS 

Low Pressure Compressor Low Pressure Turbine Mixer/Afterburner Model Corr. 

Speed 

% 
P T  P T  P T  

Static 100 194707 579 80.8 172231 1186 40.1 173865 892 40.1 

Dynamic 99.94 193630 581 80.7 172480 1228 40.0 172480 896 39.3 

Error % 0.06 0.55 0.35 0.12 0.14 3.54 0.23 0.80 0.45 1.99 

 

Fuel Flow Disturbance 

The fuel flow disturbance is introduced by stepping the fuel flow up and down by 1 percent. This has 

a direct impact on the temperature in the fluid flow of the turbofan core. To illustrate the transient 

response, the low-pressure turbine output temperature is plotted in Figure 7. 

The input disturbance can be seen on the bottom of Figure 7 and the response is on the top. One key 

thing that is illustrated in this figure is that the up and down response is comparable in magnitude and 

shape. This is important because it will allow for easier linear model development. A closer look at a 

particular step in the fuel flow can be seen in Figure 8. The response has a slight delay as is expected with 

the combustion dynamics, a small overshoot, and then quickly settles out in approximately 0.1 sec. 

Notionally similar results to fuel flow disturbances can be seen in Daniele and Khalid (Refs. 6 and 19).  

The main purpose of this work is to understand how disturbances impact the thrust. Therefore we 

want to develop a controller that can mitigate thrust perturbations. However, thrust is not typically a 

measurement that is available to the control algorithm. To control the thrust a relation is usually 

developed between the speed of the turbofan and the output thrust. In Figure 9, the low-pressure shaft 

speed and output thrust can be seen as a result of a disturbance in the fuel flow. The response shows a 

relatively smooth exponential response to the steady state value after the step, and settles again in less 

than half a second. This provides the shaft speed response shape, shown in other simulations, but this is 

only a preliminary comparison and further investigation is needed (Refs. 6 and 20).  

 

 

 

 

 

 
Figure 7.—Fuel flow step disturbance and LPT temperature response. 
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Figure 8.—Fuel flow step disturbance and LPT close up response. 

 
 

 
Figure 9.—Fuel flow step disturbance with low-pressure spool speed and thrust response. 

 
 

 
Figure 10.—Low-pressure compressor performance map about the 100 percent speed line and close up of operating 

point movement due to fuel disturbance. 
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Another area that is important to investigate is to ensure that movement and operation on the 

performance map is as expected. In Figure 10, a plot of the low-pressure compressor performance map is 

illustrated with the engine operating points for the first 5.5 sec of the simulation, covering the step up in 

fuel flow. The red line is the 100 percent speed line, and the green is the operating location. The steady 

state point is closest to the 100 percent speed line and then moves away toward the stall during the 

disturbance. It is expected however that the line should track the shape of the speed line more accurately, 

and further investigation is required. 

Pressure Disturbance 

The pressure disturbance is used to crudely mimic the effects of flight through atmospheric 

disturbances. The disturbance is one percent of the magnitude of the inlet exit total pressure, and again 

plotted on the bottom of the output response in the following figures. Several of the output parameters, 

LPC exit pressure and thrust, are plotted to illustrate the response. In Figure 11 it can be seen that the fan 

pressure response is symmetric as is the case for the fuel flow disturbance. The one significant change in 

the response however is the sharp overshoot before the transient eventually settles out, which takes 

approximately 0.11 sec. The larger overshoot should not cause any problem, as it should be dampened out 

once a controller is implemented. Overshoot in compressor exit pressure due to an upstream pressure 

disturbances can also be seen in work by Chun (Ref. 15).  

The thrust response is illustrated in Figure 12 to demonstrate how the aircraft disturbance signal 

impacts the propulsion system for the future work of the overall integrated model and control algorithms.  

System Identification 

The first step in nearly any control design is to understand the required control objective. For this 

project the goal is to control the thrust of the engine using the fuel flow rate into the combustor. Added 

fuel increases the energy of the flow and thus increases the thrust. The second step is to obtain a linear 

model of the relevant dynamics of the non-linear plant model. To obtain the linear models, some of the 

tools provided by MATLAB’s system identification and signal processing toolbox are used. Sinusoidal 

sweeps are used to perturb the nonlinear models allowing for the creation of transfer functions over the 

relevant frequency range.  

 

 

 

 
Figure 11.—Inlet exit pressure disturbance and LPC pressure response with close up. 
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Figure 12.—Inlet exit pressure disturbance and thrust response. 

 

To start the process of creating linear models Welch’s average modified periodogram method is 

utilized, where an estimate of the power spectral density is obtained (Ref. 22). The basic idea is simple in 

that one takes an input vector of data, x, and an output vector of data, y, and uses Welch’s method to 

generate data for a transfer function. This is obtained by the cross power spectral density of x and y 

divided by the power spectral density of x in Equation (27): 

 Txy f( ) =
Pxy f( )
Pxx f( )

 (27) 

This then provides the data to generate a transfer function over a given frequency range, f, where a 

transfer function is defined here as the actual poles and zeros needed to match the frequency response due 

to the perturbation input signal. To gage how well this method estimates the actual dynamics, the 

coherence between the signals is computed, which can give valuable insight. Again using Welch’s 

method, the coherence looks at the magnitude squared of the cross spectral density of the input and output 

signal, divided by the power spectral density of each signal in Equation (28): 

 Cxy f( ) =
Pxy f( )

2

Pxx f( )Pyy f( )
 (28) 

This provides a vector of the coherence ranging from one to zero over a desired frequency range. A 

value of one signifies that the input vector corresponds highly with the output vector. This information is 

important here, in attempting to model a highly nonlinear system using a linear approach. If the 

disturbance signal we are applying to the model has too large a magnitude, the corresponding output will 

have a high level of nonlinearity, and the coherence of our estimate will be close to zero. 

The expected dynamics that are of interest to this study are the flow perturbations induced by the 

vibrating airframe. The frequency range for these dynamics is assumed to be approximately 50 Hz 

(Ref. 23). The sinusoidal frequency sweep used to generate the linear models is from a minimum 

frequency of 0.1 Hz and a maximum of 1000 Hz. To gain a better understanding of the actual system 

identification approach, an inlet exit pressure disturbance will be used as an illustration. Figure 13 shows 

the sinusoidal inlet exit pressure disturbance in the bottom subplot. The top subplot illustrates on the right 

hand y-axis, the change in the disturbance frequency over time corresponding to the green line. The left 

hand y-axis illustrates the response of the speed of the Low-pressure spool. The plot here is limited to that 

part of the sweep below 150 Hz to allow for the lower frequency response to be more easily seen, as it is 

more pertinent to the expected disturbances.  
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Figure 13.—Inlet exit pressure disturbance and low-pressure 

shaft speed response. 

 

 
 

 
Figure 14.—Bode plot of transfer function data of an 

inlet exit pressure disturbance to the low-pressure 

spool speed response. 
 
 
 

Figure 13 provides a plot of the input and output vectors used by Welch’s method to generate the data 

for the transfer function estimate of inlet exit pressure disturbance to low-pressure shaft speed. The output 

from this method is then used to generate a Bode plot to ensure that the modeled dynamics are reasonable.  

Depicted in Figure 14 is a Bode plot of magnitude and phase, along with the coherence to ensure the 

data is a good fit. The coherence shows that there is a strong correspondence between the input and the 

output vectors. This implies that the estimate of the transfer function is reasonable, with only a slightly 

lower coherence in the 10 Hz and below range. The transfer function estimate indicates that the linear 

model should have an adequate ability to model disturbances in the 50 Hz range.  

Once the transfer function data is obtained, the MATLAB System Identification Toolbox functions 

are used in a script to generate the necessary poles and zeros to put into the SIMULINK environment. An 

optimization is used to minimize a cost function that is the difference of the measured output and the 

predicted output of the model. Here the measured output is the data obtained using Welch’s method. A 

detailed description of the system identification process can be found in Sugiyama (Ref. 24). The end 

result is a continuous time state space model with various sizes of state vectors fitting the standard form 

in Equation (29): 
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˙ x t( ) = Ax t( )+Bu t( )

y t( ) =Cx t( )+Du t( )
 (29) 

Bode plots of the state space transfer functions are then compared with the bode plot of the estimated 

transfer function to ensure an acceptable match of the data. This can be illustrated in Figure 15 for inlet 

exit pressure to low-pressure spool rotational speed, starting with a second order approximation and 

ranging to an eighth order. 

An adequate approximation of the transfer function estimate is typically achieved for the dynamics 

found in these engines with a model between a second and eighth order. In some cases higher order 

system estimation is necessary. This is typically for those dynamics that are highly nonlinear, as is found 

to be the case for the low-pressure shaft speed to thrust approximation. Once the order is selected, the 

state space model is altered using common MATLAB tools to be placed in zero-pole-gain form. A plot of 

the fitted sixth order estimation for the inlet exit pressure disturbance to a low-pressure spool speed can 

be seen in Figure 16. 

 

 

 

 

 

 

 
Figure 15.—Multiple order estimation for an inlet exit pressure 

disturbance and low-pressure spool speed response. 
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Figure 16.—Sixth order estimation of the inlet exit 

pressure to low-pressure spool speed. 

 

 

 
Figure 17.—Comparison of linear and nonlinear model 

for low-pressure shaft speed. 

 

 

 

This approach to developing a linear model is used with a high degree of success. The input and 

output linear responses developed this way are very comparable to results obtained from the turbofan 

model about this linearization point. While the inlet exit pressure is used here to illustrate the approach, 

the same approach is used to obtain the linear models for the other relevant dynamics. For a final check, 

both the nonlinear and linear model are subjected to a step disturbance in the inlet exit pressure shown in 

Figure 17.  The linear model closely tracks the nonlinear dynamics, and provides confidence in the 

linearization. 

However, an issue can arise utilizing this approach while developing a linear system. The state-space 

model obtained can contain values along the B vector, instead of having only one nonzero term. This is 

not inherently a problem, however when implementing a classical control design approach, this can lead 

to problems. In altering the state-space model to a zero-pole-gain formation, a non-single value B vector 

creates an offset in the phase. The offset is not an issue when it is a constant offset and one is only 

concerned about the output values from the estimated transfer function. However, it does become a 

problem in control design, because the bandwidth of the system is significantly altered.  
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To still utilize the control design approach and take advantage of the quick automated estimation 

routine, a transfer function that will be directly used for control purposes cannot have the phase offset. The 

phase offset is the result of there being right half plane zeros—meaning the roots pertaining to the 

polynomial of the transfer function’s numerator have positive values. Remembering from basic controls that 

the roots of the denominator are those that deal with the stability, and thus the system is still stable with right 

half plane zeros (Ref. 25). The real problem occurs when shaping the controller, because the dynamics are 

incorrect. For the few cases where this can emerge, the zero-pole-gain transfer function is used as a starting 

point. However, the actual fitting of the Bode plot is done by hand to eliminate the phase offset. 

Future Work 

Future work in this area will include the development of the control algorithm for the turbofan engine 

and a nonlinear inlet model with respective controls development. Once the linear plants are obtained the 

control design can take place. The approach to be used in future work comes from the loop shaping 

methodologies laid out by Kopasakis that account for design specifications (Ref. 26).  Loop shaping is a 

linear controls design methodology that requires the nonlinear engine model to be represented as a family 

of linearized plants. This method is utilized for its ability to provide a more structured approach while 

taking into account the transient response, stability, disturbance attenuation, and most importantly the 

capabilities and limitations of the plant and its associated actuation system. Linear models can serve as a 

controls development environment, but final verification should be done using the nonlinear models. 

Improved fidelity of the engine model to investigate surge and rotating stall could be added to allow for a 

further understanding of the impacts of events that could result in an inlet unstart. Verification and 

validation of the turbofan model still needs to be conducted for the dynamic responses. Once the 

individual models are complete the overall propulsion system model comprising the inlet and engine 

should be developed. Finally, as the propulsion system tools are matured, the integration with the 

airframe dynamics model developed by NASA Langley is required along with the development of the 

flow field interface interconnecting the two models. 

Once the control design is finished one block of the overall propulsion system model can be 

considered complete. Currently work is being done to develop the inlet model and controls, which will be 

integrated together in future work. To obtain a sense of how this work fits into the larger APSE task at 

NASA Glenn Figure 18 provides a schematic of the models being developed. 

To start the simulation, free stream static conditions of pressure, temperature, and Mach number are 

applied to the inlet model. The inlet model then calculates the exit total pressure and temperature, all 

while controlling the normal shock position. This establishes one of the two interfaces that are required 

for the model, due to the nature of subsonic fluid dynamics after the normal shock at the inlet throat. 

Airflow properties at the inlet exit are used as the engine LPC inlet conditions. The engine then uses the 

 

 

 

 
Figure 18.—Overall APSE Propulsion System Schematic. 
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compressor inlet conditions to obtain exit flow properties that can be used to calculate the thrust, all while 

controlling the engine rotational speed. For a given operating condition, the speed of the engine can be 

related to the mass flow at the compressor inlet through transfer functions. The mass flow at the 

compressor inlet can act as an inlet exit plane disturbance, which will have an impact on the normal shock 

position due to the flow being subsonic and traversing upstream. A transfer function is used to establish 

the relationship between the downstream mass flow and the normal shock position, allowing for the 

required feedback of a flow property in subsonic flow. The flow properties at the engine exit can be used 

to calculate the engine thrust or the engine speed can be directly related to the thrust produced by the 

propulsion system using transfer functions. 

Conclusion 

A modeling strategy for a nonlinear turbofan engine is outlined using a lump volume approach. Each 

of the major components is modeled as its own separate volume using performance maps and the 

conservation equations of continuity, momentum, and energy. It was found in the modeling development 

that starting with individual components and then building up to the whole model allowed for easier 

trouble shooting throughout the process. The turbofan simulation closely approximates an engine suitable 

for a supersonic business jet, and was shown to have good steady state matching at the cruise condition. 

Preliminary investigations of the transient simulations revealed expected trends, however more 

verification and validation is required. Using the nonlinear output data from the simulation, a linearization 

method was also established to support later controls development using the loop shaping methodology. 

A comparison was done using representative transfer function dynamics to the nonlinear model, thus 

providing confidence in the linearization approach. The work presented provides a reasonable approach to 

the propulsion-modeling element for the APSE task and allows for easy adaptation as the project matures. 
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Appendix 

High Pressure Compressor 

 
d

dt hpc,sv =
1

Vhpc

˙ W hpc
˙ W cb Wbleed( )  (30) 

 
d

dt
˙ W hpc =

Ahpc

lhpc
Phpc,tc Phpc,tv( ) 1+

hpc 1

2
M 2

 
 
 

 
 
 

hpc

hpc 1
 (31) 

 
d

dt
Thpc,sv hpc,sv( ) = hpc

Vhpc
Thpc,tc

˙ W hpc Thpc,tv
˙ W cb Thpc,tv

˙ W bleed( )   (32) 

Combustor 

 
d

dt cb,sv =
1

Vcb

˙ W cb
˙ W ̇  f Whpt( )   (33) 

 
d

dt
˙ W cb =

Acb

lcb
Phpc,tv Pcb,tv( ) Pcb,tv( )  (34) 

 
d

dt
Tcb,sv cb,sv( ) = cb

Vcb
Thpc,tv

˙ W cb + Tcb,tv
˙ W ̇  f Tcb,tv

˙ W hpt + cb

c p

˙ W ̇  f hc

 

 
  

 

 
   (35)  

High Pressure Turbine 

 
d

dt hpt,sv =
1

Vhpt

˙ W hpt
˙ W hpt,cool Wlpt( )  (36) 

 
d

dt
˙ W hpt =

Ahpt

lhpt
Phpt,tc Phpt,tv( ) 1+

hpt 1

2
M 2

 
 
 

 
 
 

hpt

hpt 1
  (37) 

 
d

dt
Thpt,sv hpt,sv( ) = hpt

Vhpt
Thpt,tc

˙ W hpt +Thpc,tv
˙ W hpt,cool Thpt,tv

˙ W lpt( ) (38) 

Low Pressure Turbine 

 
d

dt lpt,sv =
1

Vlpt

˙ W lpt
˙ W lpt,cool Wab( )  (39) 

 
d

dt
˙ W lpt =

Alpt

llpt
Plpt,tc Plpt,tv( ) 1+

lpt 1

2
M 2

 
 
 

 
 
 

lpt

lpt 1
  (40) 
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d

dt
Tlpt,sv lpt,sv( ) = lpt

Vlpt
Tlpt,tc

˙ W lpt Thpc,tv
˙ W lpt,cool Tlpt,tv

˙ W ab( )  (41) 

Mixer—Afterburner 

 
d

dt ab,sv =
1

Vab

˙ W ab +
˙ W ab,fuel +Wbypass

˙ W z( )  (42) 

 
d

dt
˙ W ab =

Aab

lab
Plpt,tv Pab,tv( ) Pab( ) 1+ ab 1

2
M 2 

 
 

 
 
 

ab

ab 1
  (43) 

 
d

dt
Tab,sv ab,sv( ) = ab

Vab
Tab,tc

˙ W ab +Qab +Tlpc,tv
˙ W bypass Tab,tv

˙ W z( )  (44) 
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